In this paper, a new curve-fitting algorithm is presented. This algorithm can automatically fit a set of data points with at which the outline's directions take a sharp turn, or the piecewise geometrically continuous (G 1 ) cubic Bézier curves. outlines have discontinuous tangent values.
Cubic Bé zier curves have many important properties. Some of them are useful in implementing our algorithm and are given as follows:
1. V 0 and V 3 are the two endpoints of the curve segment. This can be easily proved if we set n ϭ 3, t ϭ 0, and t ϭ 1, respectively in the above formula.
2. A straight line segment is a special case of cubic
FIG. 1.
A cubic Bé zier curve segment.
Bé zier curve. It can also be represented by a Bé zier curve. This can be done by selecting any two points on the straight line segment V 0 V 3 as control points V 1 and V 2 . In the critical point identification stage, an area-deviation 3. V 1 and V 2 are the two inner control points and are algorithm is developed to calculate the curvature of the located on the tangent vectors of the curve at V 0 and V 3 , digitized curve at each point. During this process, two respectively. That is, if k 0 and k 3 are scalars, we have types of critical points are located: corners and joint points. Between any adjacent pair of critical points, one piece of V 1 ϭ V 0 ϩ ⌬V 0 ‫ء‬ k 0 cubic Bé zier curve will be used to fit the subset of data V 2 ϭ V 3 ϩ ⌬V 3 ‫ء‬ k 3 . points, we will not force tangent continuity for the curve pieces connected at a corner point. The curve pieces, how-If two Bé zier curve segments are smoothly connected at ever, will be smoothly connected at any joint points. The their joint, the two tangent vectors at the joint must have curve pieces between any pair of adjacent corner points the same direction. We call this geometric continuity (GЈ) are called a curve segment. Each curve segment will be (see Fig. 2 ). further divided into curve sections by the joint points.
Once the critical points are located, a new curve fitting
CRITICAL POINT IDENTIFICATION algorithm called global optimization fitting is used in step
The critical points identification phase plays an imtwo to find a best fit of data points between two adjacent portant role in the curve fitting algorithm in this study. It corners (curve segments).
provides knots to assist the fitting process. Two types of In the following, we will first briefly describe the Bé zier knots are identified during this process: corners and curves and the important properties which are useful for joint points. our fitting algorithm. In Section 3, the corner and joint Many corner detection algorithms have been reported point finding method will be presented. The recursive leastin the literature. In Liu and Srimath's [7] paper, six corner squares fitting algorithm is discussed in Sections 4 and 5.
detection algorithms based on chain-code were discussed. Experiment results and the conclusion will be given in the The researchers used a set of test images to judge the last two sections.
goodness of those algorithms and found that the BeusTiu's algorithm [5] , which is an improvement of Freeman-
DEFINITION AND PROPERTIES OF
Davis' algorithm [6] , gave better results for all samples. Shao [12] implemented Beus-Tiu's algorithm to detect A parametric Bé zier curve piece of degree n is defined as corners in many images and found that Beus-Tiu's algorithm was not suitable for detecting corners of rough, uneven boundaries. An improved algorithm for corner detec-
BÉ ZIER CURVES
tion based on Beus-Tiu's algorithm was also presented by Shao.
There are not many papers in the literature that deal with where the V i are the control points and the B n i are the joint point detection. Some papers dealing with dominant Bernstein polynomial.
where ͩ n i ͪ is the binomial coefficient. For cubic Bé zier curves, n ϭ 3. See Fig. 1 curve segment.
itized curve contains n points, represented as P 0 , P 1 , . . . , P nϪ1 , and the length of the fixed-length chords is L. Starting from the first point P 0 , compute the length of chord P 0 P 1 . If P 0 P 1 is smaller than L, compute the length of chord P 0 P 2 . If length of P 0 P 2 is still smaller than L, move to the next point P 3 . This process will stop at a point Pm 0 where the length of chord P 0 P m0 is equal or greater than L. Then P m0 is the   FIG. 3 . Chord, area, and curve.
terminal point of the first fixed-length chord. Calculate the area between the chord P 0 P m0 and the associated curve piece. If the coordinates for point P k is P k (x k , y k ), the point detection can be found in [2, 3, 14] . Pavlidis [8] formula to compute the area is described a method to classify a vertices as hard, soft, or break according to a certain angular criteria.
The main difference between corners and joint points
is that the corners are those points having tangent discontinuity, whereas the joint points are those points having big curvature changes. The two types of points are also called It can be expanded to critical points. In our study, we have developed a new algorithm which can detect both corners and joints at the same time. The algorithm is based on the computation of
Suppose a curve is expressed as y ϭ f (x). The curvature k at a point (x, y) on the curve is defined as Next, move the start point from P 0 to P 1 and look for the end point P m1 . It may be in point P m0ϩ1 , in point P m0ϩ2 , etc., so that the length of P 1 P m1 is equal to or greater than
(1) L. The chord-curve area for P 1 P m1 is calculated. Then, move the start point from P 1 to P 2 , look for the third fixed length-chord P 1 P m2 , and calculate the associated chordThe critical points are usually related to the points having curve area. This process is repeated until every point on maximum curvature values or points having a sharp change the curve has each become the start point for a chord. in their curvature values. For digitized curves, however, All the chord-curve areas for the sequential chords are Eq. (1) cannot be used. In our algorithm, the area values then calculated. between a series of fixed-length chords and curve pieces Starting from the second point, an incremental method along the digitized curve are calculated and used to reprewill be used to compute the area. In general, suppose that sent the average curvature values for the corresponding the chord-curve area S ij from point P i to point P j has been curve pieces (Fig. 3) . They are also indicators of curve direction change. The curve pieces which may contain potential critical points are first identified based on their area values; the exact location of the critical points within each curve piece will then be determined.
A more detailed description of the two-step algorithm will be given in the following two sections and a discussion about how to select parameters is given in the last section.
Critical Point Detection
In this step, approximate locations of the possible critical points are identified. A fixed-length chord is moving along the digitized curve step by step, and the area between the chord and the associated curve piece is measured. This area, called the chord-curve area, is used in the algorithm to help to identify the approximate locations of the possible critical points.
FIG. 4. Calculation of the chord-curve area.
Calculating Chord-Curve Areas. Suppose that the dig-calculated (Fig. 4a) , we want to compute the chord-curve area S iϩ1, k , which is from point P iϩ1 to point P k (Fig. 4d) .
First, the start point is moved one step forward from P i to P iϩ1 , and the algorithm looks at the area change ٌS iϩ1 ij between S ij and area S iϩ1, j (Fig. 4b ), which is a triangular formed by three vertices of P i , and P iϩ1 and P j . This area (4) absolute value of d i measures the curvature changes in the neighborhood of the curve fragments C iϪ1 , C i , and C i ϩ1 which are associated with the chords L iϪ1 , L i , and L iϩ1 . If Next, the end point is moved l steps forward from P j to d i is bigger than a predefined threshold value V j , it implies P jϩ1 , and we define the area increment from S iϩ1, j to S iϩ1, jϩ1
that the curvature change in the neighborhood of the curve as ٌS jϩl iϩ1, j (Fig. 4c) . Then ٌS jϩl iϩ1, j can be expressed as fragment C i is big, we can say that there is a joint point in the curve fragment C i . In general, for a typical joint point, there may be several curve fragments in the neigh-
borhood of the joint point such that the associated area deviations are all bigger than the threshold value V j . The curve fragment having the biggest area deviation will be Let l ϭ k Ϫ j; we get chosen to represent the joint point. The process to locate the rough positions of the joint points can be summarized ٌS (4) and (6), we have threshold value V j and picking up the associated curve fragments; (4) counting the number of joint points in the curve.
. Critical Point Localization
After the detection step, all the candidate corners and
joint points are obtained, and the rough locations of these points are also found. The exact positions of these critical points will be determined in this step. Usually, the chord The formula in Eq. (7) uses the result from earlier calcula-length value L is quite small. We can simply select the tions and only area change needs to be computed. This middle point of each selected curve fragment as the exact makes the algorithm very efficient.
position of the critical point without much error. However, to get an accurate location of the critical point Identifying the Approximate Position of Corners and Joint Points. Having computed the areas between the within each candidate curve fragment, we can choose the point in the fragment whose direction change is the biggest fixed-length chords and asociated curve fragments, we will have n chord-curve area values. They correspond to chords as the critical point.
For each point on the curve fragments, we calculate the P 0 P m0 , P 1 P m1 , P 2 P m2 , . . . , P n P mn . These values will be used to identify potential critical points. direction changes of two chords starting from the point, one going forward, the other going backward (Fig. 5) . To detect corners, we will scan the area values and look for a local maximum value. If the area values reached a
The lengths of the two chords can be chosen the same as L. Let S be the area of the triangle formed by the two local maximum at P k P mk and that area value is greater than a predefined threshold value V c that curve fragment chords and an additional line segment joining the other two endpoints of the chords. Assuming the length of the will be selected as a candidate fragment.
After corners are detected, we need to locate the rough additional line segment is b. Then, the direction change E of the two chords can be expressed as E ϭ S/b. Larger position of joint points. We took a different approach to detect joint points. This approach is based on area devia-E values correspond to smaller angles A formed by the two chords. tions. The area deviation d i of chord P i P mi is the difference between the area values of P iϪ1 P miϪ1 and P iϩ1 P miϩ1 . The
For each candidate curve fragment, we look for the point having the maximum E value and assign it as the corner or joint point. In other words, for each candidate curve fragment detected in the first step, the point having the biggest change in curve direction is identified as the corner or joint point.
Parameter Selection

FIG. 6.
Use a global optimization method to fit n Ϫ 1 piecewise cubic
For the critical points detection algorithm stated in last Bé zier curve. section to work well, it is important to choose the proper threshold values and the proper length of the fixedlength chord.
1. the sum of square distance errors from each data The chord length L is related to the size and resolution point to the curve is minimal; of the image and the image's noise level.The following 2. tangents at P i (i ʦ [2, n Ϫ 1]) are continuous. formula is used to calculate the chord length:
That is, we need to find Q i 's to minimize S in the ex-
Here p indicates the degree of noise level, A is the image's resolution, a and b are the width and length of the image;
and Ͱ is a constant.
From the formula, we can see that L is proportional to where, m i represents the number of points to be fitted by the noise level, the resolution and the image's size. The ith piece of curve, C i ( j) is the jth data point to be fitted in threshold value to detect corners V c and the threshold ith piece of the Bé zier curve section. value to detect joint points V j are functions of the chord
The ith piece of the cubic Bé zier curve is expressed as length and the noise level of the image.
In practice, an additional step-local curve smooth- The inner control points of curve Q i (t ij ) are defined by
RECURSIVE LEAST-SQUARES CURVE FITTING
Having identified corner and joint points, we are ready to fit curves. Since we do not force tangent continuity for the curves connecting at a corner point, our curve-fitting where Ͱ i0 and Ͱ i1 are scalars. They are used to specify the algorithm needs only to consider fitting piecewise Bé zier location of control points P i0 , P i1 on the tangent vectors curves for data points between two adjacent corner points.
defined by t i and t iϩ1 , respectively. Refer to Fig. 6 for The problem now can be stated as follows:
an illustration.
Given two corner points, n-2 joint points and a set of data points,
(8) and defining
n-1 pieces of cubic Bé zier curves need to be found to fit these data points. The corner and joint points should be the two endpoints of corresponding Bé zier curve pieces. The Bé zier curve pieces should
be smoothly connected at all joint points and the solution should
be an optimal one.
Suppose, P 1 and P n are the two corner points, P i (i ʦ [2, Eq. (8) will become n Ϫ 1]) are the joint points, and Q i (i ʦ [1, n Ϫ1]) are the to-be-derived Bé zier curve pieces.
Let P i0 and P i1 (i ʦ [1, n Ϫ 1]) be the two inner control points of Bé zier curve piece Q i and t i (i ʦ [1, n] ) be the unit tangent vector at endpoint P i of the piecewise Bé zier i ʦ [1, n Ϫ 1]. curves. We want to find the n-1 pieces of cubic Bé zier curves Q i such that:
Our problem is to solve Ͱ i0 ,Ͱ i1 (i ʦ [1, n Ϫ 1]), and t i (i ʦ [1, n] ) to minimize S. This is a non-linear problem, which
. cannot be solved by traditional least-squares techniques.
To deal with this problem, we break the problem into two subproblems so that each of them will become a linear That is, we need only to solve a 2 ϫ 2 system of linear equaone. To do that, we give each tangent vector t i (i ʦ [1, n] ) tions an initial value and try to solve the Ͱ i0 ,Ͱ i1 (i ʦ [1, n Ϫ 1]). This is a linear problem and can be solved by using the traditional least-squares technique.
, we can use the result to solve for t i (i ʦ [1, n] ), again by using a traditional least-squares technique.
for each Ͱ i0 ,Ͱ i1 (i ʦ [1, n Ϫ 1]). By recursively applying the least-squares fit, optimal tanIf we let gent vectors t i (i ʦ [1, n] ) at each corner and joint point and the optimal scalar values of 
. This is a linear problem and the traditional least squares technique can be used: the solution will be
and Applying Eq. (12) to Eq. (11), we have
] are given; we want to find tangent vectors
differentiation of Eq. (11) with respect to t i and set it Rearranging the terms, we get to zero:
When i ϭ 1, we have 
Ͱ 10
The previous two equations can be simplified as Rearranging the terms, we get 
Then, we need only solve the following system of linear When i ϭ n, we have equations:
ѨS
The coefficient matrix can be transferred into a triangle matrix and the system of equations is therefore easy to
During the implementation of our recursive algorithm,
we have to solve the problem of associating a proper t ij value with each data point. Plass and Stone [9] described Rearranging, we get a chord-length parameterization method. This method is also used in our algorithm to get the initial values for t ij . This approach, however, is not accurate. Once the initial
Bé zier curve parameters are obtained, a different approach was used to estimate t ij in order to improve the accuracy of curve fitting. That is, in subsequent iterations, we com-
pute the distance between any data point and the approximated curve and use the computed result as the t ij values. The problem can be stated as follows:
Given a data point C i ( j), find a point Q i (t ij ) on the associated Bé zier curve piece to make the distance between the two points minimal.
The nearest points of C i ( j) on Bézier curve piece Q i can be computed by the following equations: 
To use the formula in our application, the will be re- Figure 7 shows the curve-fitting process by using our algorithm. Figure 7a shows the original data set to be fitted. Figures 7b-7d are the result of iteration process. The converge speed is quite high. Our algorithm will exit either the maximum fitting error has been reduced to be less 
EXPERIMENTAL RESULTS
The curve-fitting algorithm has been tested extensively on many font, logo, and other images. The result to fit some font images are given here. The original font images of art work were scanned into a computer at 300 DPI resolution. The standard image size was 1024 ϫ 1024 pixels. The algorithm first extracted the boundaries from these images, then automatically fitted the boundaries and finally produced the Bé zier curve descriptions of the images' out- English characters, numbers, Chinese characters, Kanji characters, Korean characters, etc., and they all gave very good results. In addition, the current recursive least square
